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Exercise 1. Let @\n be an estimator of 6, with # some unknown number on the real line.

(a) (Max. five lines of text). Even though symbolically 9, is just 6 with a ‘hat’ on, they
are, both mathematically and epistemologically speaking, very different things. In what
ways?

(b) Define what it means for 8, to be unbiased for .

(¢) Define what it means that é\n —p 0 as n — oo, that is, what it means for én to be consistent
for 6.

(d) Suppose that E6,, = 6, and that Var(6,) — 0 as n — co. Show that 8, —p 0 as n — oo.

(e) Suppose that 6, has cumulative distribution function (cdf) Fp(z) = Pr(é‘\n < z) that is
strictly increasing and continuous. Let F;!(p) be the inverse function of F,(z). Compute
the probability,

Pr{F;(1/4) < 6, < F'(3/4)}.
Exercise 2. Let X be a continuous random variable with probability density function (pdf)
1
fx(x) = 7 for 0 <z <4,

and fx(z) = 0 if x is outside this interval, with # > 0 some unknown number.
(a) Find expressions for the expectation and the variance of X.
(b) Find the cdf Fx(z) = [*_ fx(y)dy of X.
(¢) Suppose that X, ..., X,, are independent random variables with the same distribution as
X, and consider the random variable Y,, = max(Xy, ..., X, ), that is, Y, equals the biggest
of the X1,..., X, with n > 2. Explain why

Vv <yl={Xi <yIn{Xa<y}n---n{X,_1 <y}n{X, <y}

Hint: If AC Band B C A, then A =B.
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(d) Show that the cdf Fy, (y) of Y, is
Fr)= (%), foro<y<e,
with Fy, (y) =0 for y <0, and Fy, (y) =1 for y > 6.

(e) Show that

~ 1
g, =t

Yo,
n

is an unbiased estimator for 8. Find also the variance of 51.

~ 2
92:52&.

Show that 52 is also unbiased for 6, and find an expression for its variance.
(g) Which estimator do you think is best, 8; or 637 And why? Hint: Evaluating the ratio
Var(63)/Var(6;) might be easier than evaluating the difference Var(6;) — Var(6;).

(f) Another estimator for 6 is

Exercise 3. The price of an asset is observed over the interval [0, 1], at time points
0=ty <ty < - <tp_1 <tpn=1,
with t; —t;_1 =1/nfor j =1,...,n. As our model for the price we take
Si, = Soexp(oBy;), forj=1,...,n,
with 0 > 0, and Sy = 17.89 the price at time ty = 0, and

1 J
By, zfzzi, for j=1,...,n,
! \/ﬁi:l

with Z1, ..., Z, independent N(0,1). In this exercise we want to say something about the volatility
o2 of the asset. Define
Y;, =log Sy, forj=0,...,n.

As our estimator for o2 we use
n

8721 = Z(Y;J - tj—1)2'

j=1

In the following, you might need that if W ~ N(0,1), then E [W?3] =0, and E [W*] = 3.

(a) Show that 52 is unbiased for o2. Show also that it is consistent for o2.

(b) Show that

Ve, —o?) 4 N(0,1).
V20?2
(c) Find an approximate 95 percent confidence interval for the volatility o2.
(d) We would like to test the hypothesis

Hy:02=234, vs. Hy:o?>234.

Construct a test for Hy at the 5 percent significance level.



